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ON BOUNDARY VALUE PROBLEMS FOR SOME CONFORMALLY 
INVARIANT DIFFERENTIAL OPERATORS 

JAN MOLLERS, BENT 0RSTED, AND GENKAI ZHANG 


Abstract. We study boundary value problems for some differential operators on Euclidean 
space and the Heisenberg group which are invariant under the conformal group of a Euclidean 
subspace resp. Heisenberg subgroup. These operators are shown to be self-adjoint in certain 
Sobolev type spaces and the related boundary value problems are proven to have unique 
solutions in these spaces. We further find the corresponding Poisson transforms explicitly in 
terms of their integral kernels and show that they are isometric between Sobolev spaces and 
extend to bounded operators between certain ZAspaces. 

The conformal invariance of the differential operators allows us to apply unitary representa¬ 
tion theory of reductive Lie groups, in particular recently developed methods for restriction 
problems. 


1. Introduction 

Some of the most important elliptic boundary value problems are geometric in nature; one 
aspect of this is that there is a Lie group of symmetries acting on the space of solutions. 
A classical example is provided by the harmonic functions in the complex upper half-plane, 
which one wants to study via their boundary values on the real axis. The classical Poisson 
transform 

p f(*,y)= * l - {x _j )2 + y J(xW 

relates the boundary value and the solution, and it is well known that it is invariant for 
the projective group (the Mobius group) of the real axis. It turns out that some recently 
studied boundary value problems (see Caffarelli-Silvestre m exhibit similar, and perhaps a 
little overlooked, symmetries. Thus in this paper we apply facts from the theory of unitary 
representations of higher-dimensional Mobius groups to exhibit 

(1) new and natural Sobolev spaces of solutions and unitary Poisson transforms acting 
between boundary values and solutions, and 

(2) new Poisson transforms related to branching problems for the unitary representations, 
namely restricting from one group to a subgroup. 

Abstractly speaking our study relates solutions on a flag manifold to their restrictions 
(boundary values) to a natural flag submanifold; as such it is natural to extend to other ge¬ 
ometries, and we carry this out for the case of CR geometry, another case of recent interest (see 
Frank et al. 0). It seems to be a promising outlook to extend to other cases of semi-simple Lie 
groups and subgroups in analogy with those considered here, to relate representation theory 
and elliptic boundary value problems. Branching theory for unitary representations of semi¬ 
simple Lie groups contains structures that might well cast new light on more general boundary 
value problems. In particular natural candidates for Poisson transforms are provided by the 
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class of symmetry-breaking operators constructed in the recent work of T. Kobayashi and 
B. Speh [i()j. and also J. Mollers, Y. Oshima, and B. 0rsted [11J . 

We now state our results in detail. 

1.1. Euclidean space. For a£lwe consider the differential operator 


^a — “1“ dX ri 


d 


dx n 

on M n where A denotes the Laplacian. In [2] Caffarelli-Silvestre study the Dirichlet problem 

A a u = 0, u\ Rn -i = f. 

The following result provides a suitable Hilbert space setting for this problem: 

Theorem A. (1) For 2 — n < a < 2 the operator A a is essentially self-adjoint on the 
homogeneous Sobolev space H^~ (M n ). Its spectrum <r(A a ) = <7 p (A a )U<7 c (A a ) is given 
by 

a p (A a ) = {k(k + a - 1) : A; € N, k < ^}, u c (A a ) = (-oo, -(^) 2 ) . 

(2) For 2 — n < a < 1 and f € H^~ (M"' 1 ) the Dirichlet problem 

A a U = 0, u\ R n-l = f (1.1) 

has a unique solution u € H~^~(W n ). This solution is even in the variable x n . 

Caffarelli-Silvestre further investigate the Poisson transform P a for the Dirichlet problem, 

mapping the boundary values / to the solutions u, and find its integral kernel: 

-f(y)dy (1-2) 


Paf(x) = c na f -— 

il"- 1 (\x' 


{\x'- y\ 2 + x 2 n ) 2 

with c nta = 7T — 2 “ r(^)r(i^)' 1 . We show the following properties of P a : 

Theorem B. Assume 2 — n < a < 1. 

(1) The operator P a : -A F _ 2 _ (l n ) is isometric up to a constant. More 


precisely, 

W P af\t^ 


2 a irT(2 - a) 


H ~ 3 ~( M") "" 


• 1 — a 

f£H— I 


Dn— 1 \ 


b r(^)r(^) 

(2) The Poisson transform P a extends to a bounded operator P a : T p (R n_1 ) 
any 1 < p < oo and q = More precisely, 


n—1\ 


(1.3) 
L q (W l ) for 


\\ P af\\Ll(M. n ) A (2Cn,a 1 ) 9 ||/||lp(E"-1), / E 

Part (2) of Theorem iBl has been proven earlier by Chen [3]. He even shows that for the 
particular parameters p = ^" 2 +<! anc ^ 1 = n-2+a there exists a sharp constant C > 0 such 
that 

WPafh^ < C'||/|| L p (tt „-l) J / € L p (M n_1 ), 

and that the optimizers of this inequality are translations, dilations and multiples of the 
function 


/( y ) = (l + | 2/ | 2 )- £± F 2 . 
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By the classical Hardy-Littlewood-Sobolev inequality we have H 2 C L p (R n_1 ) and 

H^~(W 1 ) C L 9 (R n ) and hence our isometry property in Theorem iBl 111 can be viewed as a 
Hilbert space version of Chen’s sharp inequality; namely we have the following commutative 
diagram with the respective boundedness properties: 


• 1 — a 

H— l 


LP(R : 


pn—1\ 


n—l\ 


Pa 


• 2 — a 

H— 1 


L 9 (R” 


While the Dirichlet problem corresponds to the eigenvalue 0 of A a , one can more generally 
associate to every eigenvalue k(k + a — 1), 0 < A; < a mixed boundary value problem 


A a u = k{k + a- 1 )u, D a)k u = /, 


where 


n—1 


D a ,ku = ( p( y. 


d 2 d 


. , 

\ j=i J 

is a differential operator of order k with p(x, y ) a certain polynomial on M 2 which can be 
defined in terms of the classical Gegenbauer polynomials. The operators D a k were found 
by Juhl [9] and the corresponding Poisson transforms P a ^ k are given in Corollary IA.2I (see 
Appendix f~Yl for the full spectral decomposition of A a ). We remark that D a ^u = ^-| R n-i 
and hence the corresponding mixed boundary value problem for k = 1 is the Neumann 
problem 


A a u = au , 


du 


dx r . 


= a- 


1.2. The Heisenberg group. Now consider the Heisenberg group H 2n+1 = C n © R with 
multiplication given by 

(z, t ) ■ (.zt') = (z + z', t + t 1 + 2 Im [z ■ z')). 


Further, let 

|(z,t)| = (N 4 + t 2 )i 

denote the norm function on H 2n+1 . We study the following differential operator on H 2n+1 : 


C 


a 


^n | T © a 


( d d \ 

I %n o T Vn o I 
\ ox n oy n J 


where C is the CR Laplacian on H 2n+l given by 



Using the group Fourier transform on H 2n+1 one can define natural Sobolev type spaces 
H s (H 2n+1 ), 0 < s < n + 1, analogous to the real case (see Section 12.3.21 for details). In [12] we 
prove that the restriction to ff 2n_1 = {( z,t ) € H 2n+1 : z n = 0} C H 2n+l defines a continuous 
linear operator H s (H 2n+1 ) —> H s ~ 1 (H 2n ~ 1 ) whenever s > 1. 
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Theorem C. (1) For —2n < a < 2 the operator C a is essentially self-adjoint on the 
Sobolev type space H^~ (H 2n+1 ). Its spectrum contains the eigenvalues 2k(2k + a) for 
k € N, 0 < 2k < 

(2) For —2n < a < 0 and f € H ~2 (H 2n ~ 1 ) the Dirichlet problem 

C a u = 0, u\ H 2 n-i = f (1.4) 

has a unique z n -radial solution u € H^~ (H 2n+1 ), i.e. u(z',z n ,t ) = u(z', \z n \,t). 


We remark that on functions that are radial in z n the operator C a acts as 

Ca = p2 ( £/ + (a++ ^ + Ap 2 w) ’ 

where p = \z n \ and C! is the CR-Laplacian on H 2n ~ 1 . The operator in paranthesis on the 
right hand side is (up to a scaling of the central variable t) the operator studied by Frank et 
al. [6]. 

In analogy to the real case we also consider the Poisson transform P a : H~ 2 ^H 2n ^ 1 ) —>• 
FT“ 2 “ {H 2n+1 ) mapping boundary values / to the corresponding z n -radial solutions u of (|1.4D . 


Theorem D. Assume —2 n < a < 0. 

(1) The Poisson transform P a is the integral operator 


P a f{z, t ) = c„ 


L 


H 2n-1 | (Z,t) 1 • (Z' , 0, t')\ 2n 


—f{z'it')d{z',t'), 


where c n , a = 2 2 H^ 7 r- , T(22f2) 2 r(-§)- 1 . 

(2) The operator P a : H~ 2 (H 2n ~~ l ) —> H^~ (H 2n+1 ) is isometric up to a constant. More 
precisely, 

||-Pa/||^2^(^ 2rt+ i) - a _ 2n ll/ll i j-f (i? 2n-i ) - 

(3) For any 1 < p < 00 and q = ^^fp-p the Poisson transform P a extends to a bounded 
operator P a : L p (i7 2n_1 ) —> L q (H 2n+l ). More precisely, 


Pafh^H^+l) < ipCn,a) q 11 /11 Lp (H 2 ™- 1 ) j / € L P {H 2n 1 ). 


Also in the Heisenberg case each eigenvalue 2k(2k + a) of C a corresponds to a mixed bound¬ 
ary value problem. The corresponding differential restriction operators D ak '■ H^~(H 2n+1 ) —>• 
H“ 2 _2fc (H 2n_1 ) were first constructed in [12] and exist also on more general two-step nilpo- 
tent groups. In Theorem IB. 1 1 we study the mixed boundary value problems 


C a u = 2k(2k + a)u, D a , k u = f, 

and find their Poisson transforms (see Appendix [B] for details). 

We remark that Frank et al. |6j also show an isometry estimate for P a as in Theorem iDl (2). 
but they neither find the integral kernel of P a , nor do they investigate L p -boundedness of it. 

For p = 2 n+ a an d Q = 2 n+a we know that H~ 2 (H 2n ~ l ) C L p (H 2n ~ 1 ) and H^~ (H 2n+1 ) C 
L q (H 2n+1 ) by the Hardy-Littlewood-Sobolev inequality for the Heisenberg group (see e.g. 
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W- Hence, there is a diagram as in the real case: 

H~% (H 2n ~ l ) —%■ H^{H 2n+1 ) 

r \ 

U>{H 2"-l) L1(H 2n+1 ). 

It is an open question whether Chen’s results for the real case have a counterpart in the 
Heisenberg situation. We formulate this as conjecture: 

Conjecture E. There exists a sharp constant C > 0 such that 

H-F > a/||z/2(jL2n+ 1 ) < C'||/|| i p(J ? 2 n-l) 

for p = and q = 2 n+a an ^ °P^™ zers are translations, dilations and multiples of the 

function 

/(,',0 = ((i + k'l 2 ) 2 + t /2 )-^. 

1.3. Relation to representation theory of real reductive groups. Our proofs use rep¬ 
resentation theory of the rank one real reductive groups G = 0(1, n +1) and G = U(l,n + 1). 
The nilpotent groups M n and H 2n+1 = C n © R occur as nilradical iV of a parabolic subgroup 
of G and the homogeneous Sobolev spaces H S (N ) are the Hilbert spaces on which certain 
irreducible unitary representations tt- s of G can be realized. These representations are called 
complementary series and we briefly recall their construction in Section [2j 

Restricting the representations 7r_ s to the subgroup G' = 0(1, re) resp. G' = 1/(1, re) they 
decompose multiplicity-free into the direct integral of irreducible unitary representations of 
G'. This direct integral has a discrete part if s > ^ in the case of N = R n and s > 1 in the case 
of N = H 2n+1 . One of the discrete summands is precisely the space of solutions u € H S (N ) to 
the equation L a u = 0 for a = 2(1 — s) where L a = A a for N = R n and L a = C a for N = H 2n+l 
(allowing only z n -radial solutions in the case N = H 2n+1 ). The reason for this is that the 
operator L a is invariant under the action of G' and hence acts as a scalar on each irreducible 
summand of G' in the decomposition of vt_ s |g/ by Schur’s Lemma. In fact, L a is the Casimir 
operator of G' in the restricted representation 7r_ s | qi, and the spectral decomposition of L a 
acting on H S (N ) is essentially the decomposition into irreducible G'-representations. 

This direct summand in the decomposition of H S (N ) consisting of solutions to L a u = 0 
is itself a complementary series representation of the subgroup G'. More precisely, it is 
isomorphic to the representation r_t of G' on the homogeneous Sobolev space H^ t (N ) where 
t = s — \ for N' = M™" 1 and t = s — 1 for n' = H 2n ~ l . The projection onto this direct 
summand is given by the trace map 

H S (N) -> H 1 (N 1 ), 

which is shown to be G'-equivariant (also called G 1 -intertwining) , i.e. 

(7r- s (fl»l]v' = T -t(9){u\- W ') Vg^G'. 

The trace map is a partial isometry and its adjoint is (up to a constant) the corresponding 
Poisson transform 


P a : H\N ') -A- H S {N) 
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constructing solutions to the boundary value problem 

L a u = 0, u\ W ' = f. 

We remark that the Poisson transform is also G'-intertwining, i.e. 

p a(r-t(g)f ) = TT- s (g)(P a f) VgeG'. 

These integral operators from representations of G' to representations of G, intertwining the 
action of G r , have recently been investigated for (G, G') = (0(1, n+1), 0(1, n)) by Kobayashi- 
Speh [TO] and for more general pairs of groups (G, G') by Mollers-0rsted-Oshima [IP. More 
precisely, these works construct the transpose operators, mapping from representations of G 
to representations of the subgroup G' , which are therefore called symmetry breaking operators. 

We remark that also the L p -L q boundedness of the Poisson transform has an interpretation 
in terms of representation theory. In fact, the unitary Hilbert space representations 7r_ s on 
H S (N) extend to isometric Banach space representations 7r_ s on L q (N) where q = ^ 

for N = R n and q = 2 n+2-s f° r ^ = H 2n+l . Extending r_£ similarly to r_£ on L p (n'), 
the Poisson transform provides a bounded G'-intertwining embedding of the Banach space 
representation (r_t,L p (W)) into (tt- s \g', L q (N)) 

1.4. Structure of the paper. In Section [2] we recall the construction of complementary 
series representations of the groups G = 0(1, n + 1) and G = 0(1, n + 1) and show that they 
have natural realizations on homogeneous Sobolev spaces. The restriction of complementary 
series representations of G to the subgroups G' = 0(1, n) and G' = 0(1, n) is addressed in 
Section [3j Here we summarize the construction of symmetry breaking operators from EDI HU 
and relate them to the Poisson transforms for the boundary value problems ecu and <mD. 
For particular boundary values we compute in Section [T] the explicit solutions to the boundary 
value problems, thus finding the right normalization constants for the Poisson transforms. In 
Sections [5] and El we finally carry out several computations for the real and complex case 
separately, such as computing the Casimir operators, showing uniqueness of solutions to the 
boundary value problems, proving isometry of the Poisson transforms, and establishing the 
L p -L q boundedness properties. 

More details on the decomposition of the restriction of complementary series representations 
of G to G' are given in the Appendix. For the real case we indicate in Appendix I7d how the 
full spectral decomposition of A a in H^r (R n ) is obtained. This was carried out in detail by 
Mollers-Oshima m- For the complex case the full decomposition is not yet know. However, 
in Appendix [B] we summarize results of our previous work m where we construct part of 
the discrete spectrum of C a in H^~ (H 2n+1 ). 

2. Complementary series representations 

We recall the complementary series representations of the rank one groups G = U(l,n + 
1;IF), F = R,C. 

2.1. Rank one groups. Let G = 17(1, re + 1;F), F = M, C, n > 1, realized as the group of 
(n + 2) x (n + 2) matrices over F leaving the sesquilinear form 

(x, y) x 0 y 0 - x l y l - x n+1 y n+1 
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invariant. Fix the maximal compact subgroup K = 17(1; F) x U(n + 1;F) which is the fixed 
point group of the Cartan involution 9(g) = (g*) -1 . Choose 



and put a = Ri7 and A = exp (a). Let a £ a* be such that a(H) = 1 then g has the grading 


0 = 0—2a © 0—a © 00 © 0a © 02a, 

where 0 a = {X € 0 : (H, X] = \(H)X}. Note that 0 ± 2 a = 0 for F = R. We put M := Zk(o) 
and let m denote its Lie algebra. Then M = AC/(1;F) x U(n;¥) and 0 o = mffia. Further, let 

n:=0a©02a, n = 6»n = 0_ Q © 0_2a 



The element wq = diag(—1,1,... , 1) € K represents the non-trivial element in the Weyl 


group W = Nk(o)/Zk(&) and acts on a by —1. The parabolic P = OP = MAN opposite to 
P is conjugate to P via wq, i.e. wqPwq 1 = P. 




( 2 . 1 ) 


where ImF = { 2 ;€F :2 + 2 : = 0}. Under this identification the group multiplication on 
F n © Im F is given by 

(z, t ) • (z\ t') = (z + z' ,t + t' 2 Im(z • z')). 

For (z, t) € N = F n © ImF let 


I0M)|:= (M 4 + |t| 2 )* 


denote the norm function. Note that for F = R we have N ~ and for F = C we have 
N j^2n+l 

2.2. Complementary series representations. Identify aj = C by g i-a fi(H) so that 
p = ^ for F = R and p = n + 1 for F = C. For p £ C consider the principal series 
representations (smooth normalized parabolic induction) 

Indp(l (g> © 1) = {/ € C°°(G) : f(gman) = a~ fl ~ p f(g)\/g € G,man € MAN}. 

Since NMAN C G is open dense, restriction to N realizes these representations as (7r(j°, 7“) 
with S(N ) CI”C C°°(N). 

For /i £ R the representation 7 r(j° is unitarizable if and only if p € (—p,p). The invariant 
norm on I is for F = R given by 


ll/ll 


2 


2~^T(p-p) 


\nin 2 l \ 2 ^ p) f(n 1 )f(n 2 )dn 1 dn 2 


( 2 . 2 ) 
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and for F = C given by 


ll/ll 


2 

U 


2 n-l r (£+M) r (AzM) 



\n\n 2 1 \ 2 ^ p) f {ni) f (n 2 ) dni dn 2 (2.3) 


7r«+ 1 r(^) 


(or the corresponding regularization of the integral). Note that the norms are normalized 
such that for p = 0 the norm || - ||o is equal to the L 2 -norm on M n resp. 77 2n+1 . 

Let Ifj, be the completion of 7))° with respect to this norm and extend the smooth represen¬ 
tation (Trjf.ijf) to a unitary representation ( 7 r^,/^). The smooth vectors in this realization 
are given by 7“. 

The bilinear pairing 



is non-degenerate and G-invariant for 7r“ x 7r^. Hence we can identify 7))° with a subrep¬ 
resentation of the dual representation (7f^)*. We call (tt” 00 ^” 00 ) := ((7G° M )*, (7^J*) the 
distribution globalization of (7r^°,7^°) since 


£'(JV) C 7“°° C S'(JV). 


Altogether we obtain embeddings 


S(iv) c/;c 7 m -°° C s'(n). 


(2.4) 


If now fj, G (—p, p) then 7 /t 00 is the space of distribution vectors of 7^ and we have the following 
embeddings of representations: 



(2.5) 


2.3. Relation to homogeneous Sobolev spaces. We explain how the Hilbert spaces 7^, 
p G [0, p), can be viewed as homogeneous Sobolev spaces on the nilpotent group N. For this 
we consider the two cases F = M and F = C separately. 

2.3.1. The real case. Consider the Euclidean Fourier transform 



Using the Plancherel formula 



and the convolution formula 


u*~u(£) = (27 t) 2 u(£)v(£) 

we can express the norm || - || M on 7^ defined by (12.21) as 



Now, by [7[ Chapter II, Section 3.3] we have 
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and hence 

imi i=l is(oi 2 ir 2M ^- 

jR n 

Therefore 7 /t = for p G (—f, §), where 

H s (R n ) = G «S'(M n ) : u € Lg, c (M n ), |M& s(Rn) := J R£)l+| 2s d£ < ooj 
is the homogeneous Sobolev space of degree s. Note that by our previous calculations 

IMU ll^lli/-M(]R") II^IIl 2 (R 7i ,|^| — d£) • + b) 


2.3.2. The complex case. For p G M x let 

F, := L € 0(C n ) : ||£|| 2 = J Uw)\ 2 e~ 2 ^ dw < oo} 

and define an irreducible unitary representation of H 2n+l on F lt by 

_ je^ t+2 ^ w - z -^ 2 / 2 ^(w-z) for /i > 0, 

^ m{W) - I +*+ M^+MV2)^ {w + z) for ,, < o. 


For it G L 1 (i7 2n+1 ) let 


CL 


((w) := / u(z,t)cr fl (z,t)d(z,t ) 

Jff2n+1 


denote the group Fourier transform. Then cr^ extends to L 2 (H 2n+1 ) and we have the 
Plancherel formula 

2 n_1 r 


| L 2( H 2n+l) - 


M u ) 


lHS(J>) 


\v\ n d{i, 


and the inversion formula 


u(z, t ) = 


-yn—l 


7T 


n+1 


tr(a At (z,t)V At (u))| / u| n (i/r, 


where H^IIhslf ) = ^r(T*T) denotes the Hilbert-Schmidt norm of an operator T on F iL . 

The space V of polynomials on C n is dense in Ff, and we write V m for its subspace of 
homogeneous polynomials of degree m. The subspaces V m are pairwise orthogonal and we 
denote by P m : F/, —> V m the orthogonal projections. Then we can write the Hilbert-Schmidt 
norm as 


I t IIhs(^) - XT W Pm ° T i 

m =0 


2 

HS(J>)‘ 


and hence, the L 2 -norm of a function u G L 2 {H 2n+l ) is given by 

oo „ 

/ 11 Pm ° cr^j (it) 11 hs () IMI dp,. 


9 

I 112 _ z 

l U llL 2 (^2n+l) ■ 


n+1 


ra=0 1 


For s G (—n — 1, n + 1) we define a new norm ll-lln-^+i) on Cf°(P[ 2n+1 ) by 


i—l 00 cn+l+si 


l^(H 2 ~+i) = ffn+1 E /n+1—a n™ / l+ m °^(kllls(^)kr +S +- 
m=0 ^ 2 


(2.7) 
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The completion of C£°(H 2n+1 ) with respect to the norm ||- \\p s ^ H 2 n+ i\ will be denoted by 

H s (H 2n+1 ) and is called homogeneous Sobolev space of degree s. 

In his paper [5J Theorem 8.1] Cowling showed that the norm || - ||^ defined by (12.311 is equal 
to the norm || - \\j I - ll ^ H 2 n+iy 

I MU = ll' U llij-M(_H'2n+l)- 

Hence the Hilbert space is equal to the homogeneous Sobolev space 


3. Symmetry breaking operators vs. Poisson transforms 

In this section we explain how the recently constructed symmetry breaking operators be¬ 
tween induced representations (see [10] m for details) can be used to construct Poisson 
transforms for certain boundary value problems on the nilpotent groups N. 

3.1. Symmetric pairs. Let G' = G a be the fixed point group of the involution 

= lfi+1,1 '9 ' ln+1,1 

given by conjugation with the matrix l n +i,i = diag(l,..., 1, —1). In the canonical block 
diagonal decomposition we can identify G' — U(l, n;F) x C/(1;F). By definition (G,G') is a 
symmetric pair, and we note that P' = P n G' is a parabolic subgroup of G'. Its Langlands 
decomposition is given by P' = M'AN' with M' = AC/(1;F) x U(n — 1; F) x 17(1; F) and 
N' = N n H. Identifying N ~ F n © ImF as before the subgroup N' = ON 1 is identified with 
the subspace F n_1 © ImF CF"® ImF where F n_1 C F n as the first n — 1 coordinates. 

For v £ C consider the principal series representations 

Ind$(l®e 1 ' <g) 1) 

of G'. Again we realize these representations on smooth functions on n' ~ F n_1 © ImF 
and denote this realization by (r£°, Jff) with S(n') C J^° C C°°(N > ). Denote by ( t u ,J v ) 
the unitary globalization of whenever rff is unitarizable, and by (rf 00 , Jf°°) the 

distribution globalization. 


3.2. Symmetry breaking operators. In 10] and m a meromorphic family of (^-intertwining 
operators A fLl/ : -a is constructed as singular integral operators 



Kn, v {n, n')u(n ) dn , 


The kernel K^ tU (n,n') on N x n' is given by 

\ z I (a‘-pI+C^+p') 


n' € N'. 


(z, t ) € N, (zt) € N , 


where z = (zi,, z n ) £ F n and p' = \ tr ad | n /. The intertwining property of these operators 
can be written as 

Ap, v o 7r* ( 5 ) = r“ (g) o A^ v V g £ G'. 

The transpose operator Aj iu : J* —> I* can in view of (12.41) be interpreted as an intertwining 
operator between the distribution globalizations rZf? and ■ We put 
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which is given by 

Bfj, tV f(n) = [_K_^_ v (n,n')f{n') dn!, n£N, 
JN 

and satisfies the intertwining property 

B^u o T-°°(g) = vro Vg £ G’. 


3.3. The Casimir operator. Define 

B{X,Y) := ^Retr(XT), X,Y £ g. 


Then B is a non-degenerate invariant bilinear form on g, the Lie algebra of G. Write G r = G\ x 
G' 2 with G[ = 17(1, n;F) and G 2 = 17(1; F). Consider the Casimir elements C \, 62 £ U(g) G ' 
of G\ and G 2 within the universal enveloping algebra of g with respect to this form. (Note 
that G 2 = 0(1) for F = M and hence g' 2 = 0 which implies O 2 = 0.) We study the action of 
the element 


C := Ci — C 2 g U{gf 


in the representation 7 r /t 00 . For this denote by dir^ 00 the differentiated representation of U(g) 
on I-°°. 

r 1 

To state the result we identify X £ h with the left-invariant differential operator on N 
given by 

f(ne sX ), n £ N. 

s =0 


(X/)(W) - ± 


Let X a be an orthonormal basis of F n C N with respect to the standard inner product on F'‘ 
and put 

Lf{z,t) :=^Xlf(z,t), E n f(z,t) := 


ds 


f(z',z n + sz n ,t). 


s=0 


Then E n is the Euler operator in the coordinate z n and L is for F = M the usual Laplacian 
A and for F = C the CR-Laplacian C. 


Proposition 3.1. For g £ C we have 

^ ° 0 (C) = |"n| 2 L + 2(/r + 1 )E n + {g + p) (g + p — 2 p'). 

The proof will be given separately for the two cases F = M, C in Sections 15.11 and 16.11 
Corollary 3.2. Assume g £ (—p,p) then the operator 

\z n \ 2 L + 2(/r + 1 )E n 

is essentially self-adjoint in the Hilbert space If. 

Proof. In a unitary representation the Casimir element defines a self-adjoint operator by fl5| 
Theorem 4.4.4.3] and hence the statement is clear by Proposition 13.11 □ 

Corollary 3.3. The image of the operator B^ yl/ : J 7 00 —>• Iff 00 consists of solutions of the 
following differential equation: 

(|^n| 2 L + 2(p + 1 )E n )u = Xu, 
where X = -((// + p) - {y + p'))({p + p) + {v - p')). 
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Proof. Since the representation Jff°° has infinitesimal character v + p' the Casimir element 
C\ acts by v 2 — p' 2 . Further C2 acts trivially and hence dT~°°(C ) is the scalar z/ 2 — p' 2 . Since 
B^ is intertwining we obtain 

dn-°°(C) o B^ v = B^ v o dT-°°(C) = (y 2 - p' 2 )B^ 
and the claim follows from Proposition 13.11 □ 

3.4. Trace maps. We consider the trace map T which restricts functions on IV ~ F” © ImF 
to the subgroup N — F n_1 © ImF: 

Tf(z',t):=f(z',0,t), (z',t)eN'. 

Lemma 3.4. For p + p = v + p' the operator T maps to Jff and intertwines the repre¬ 
sentations vr^lc/ and r“, i.e. 

Toir™(g)=T?(g)oT V g € G'. 

Proof. Consider the restriction operator T : C°°(G ) —>• C°°(G'). It is clear from the definition 
of the induced representations that T maps Indp(l®e^®l) to Indp, (l(g)e 1 '(S>l) and intertwines 
the corresponding actions of G'. Hence, we have the following commutative diagram where 
the vertical arrows are restriction to N and N : 


Indp(l 


■ Indp/(1 


1 ) 


TOO 


TOO 


Since the vertical arrows are bijections this shows the claim. 


□ 


The following result is standard for F = R and proved in [121 Theorem 4.6] for F = C. 
Proposition 3.5. The trace map T extends to a continuous linear operator 

T : H S (N) —► H s ~i(N') 
for every s > where d = dim^F. 

Corollary 3.6. Assume s € (%,p) then the adjoint T* : —> H S (N ) is an isometry 

(up to scalar) and TT* is a scalar multiple of the identity on H s ~^{n'). 


Proof. Let p = — s and v = —s+| then p+p = u+p' and hence, by Lemma r3.41 the restriction 

operator T : H S (N ) — > H s ~ 2 (n') is intertwining —> t u . This clearly implies that the 

adjoint is intertwining t v —> 7 r^| q 1 - Therefore TT* is an endomorphism of the irreducible 

unitary representation {r v , H s ~^ (n')) and hence a scalar multiple of the identity by Schur’s 
Lemma, say TT* = c ■ id. Then 




= C 


-?(V) 


which finishes the proof. 


□ 


In the next step we show that T* is a scalar multiple of an operator of the form B^^, the 
transpose of a symmetry breaking operator introduced in Section 13.21 For this we make use 
of a strong representation theoretic result referred to as Multiplicity One Theorem. 
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Fact 3.7 (see [14]). Let G = 0(1, n + 1) resp. U(l,n + 1) and G' = 0(1, n) resp. U(l,n). 
Then for any irreducible Casselman-Wallach representations n of G and r of G' the space of 
G'-intertwining operators t —>• (tt*)|g'' is at most one-dimensional. 

Here a representation ir of G is called Casselman-Wallach if it is a smooth representation 
on a Frechet space which is admissible, of moderate growth and finite under the center of the 
universal enveloping algebra. We note that the representations (7r“,/“) of G and (t£°, J^°) 
of G' are Casselman-Wallach. 

Theorem 3.8. Let | < s < p and put p = —s and v = — s + |. Then T* is a scalar 
multiple of the symmetry breaking operator . In particular, Brestricts to an isometry 
H s ~ 2 (n') —> H S (N ) (up to scalar) and T o B llu is a scalar multiple of the identity. 

Proof. Using the embeddings (12.41) we consider both T* and B as operators Jff —>• If 00 , 
intertwining the representations t^° and ^ff°°\G' = ( 7r ^J*|c'- Note that the representations 
(tO°,J u ) of G' and (t^, I 00 ^) of G are irreducible. Hence, by Fact 13.71 the operators T* and 
B are proportional, showing the claim. □ 

3.5. Poisson transforms. Let us collect the results of Corollaries 13.21 ETUI and Theorem 13.81 
For a € M put 

La ■ — | %n | P 4“ R TJ n , 

so that dmff{C) = L a + (p + p)(p + p—2p') for p = Then Corollary 13.21 implies that L a is 

self-adjoint on If = H^~ ( N ) whenever p € (— p, p) or equivalently 2 — 2p<a<2 + 2 p. This 
proves the self-adjointness statements of Theorem 1X1 ill and Theorem IQ (ll. The statements 
about the spectrum of L a on H~ 2 ~” (IV) are shown in Appendix lAl and iBl 
Next we consider the Dirichlet problem 

L a u = 0, u\jf = /, (3.1) 

where restriction u\^ should be interpreted in terms of the trace operator (see Section El- 
Let v be such that p + p = v + p'. Then Corollary 13.31 and Theorem 13.81 imply that there 
exists a constant c n ^ a such that the map 

Pa ■= c n , a B^ : H 2 -=r*(N') = J v -A I,, = H^(N) 

is a solution operator for the Dirichlet problem, i.e. for / € H~ 2 ( N') the function u = 

• 2 — a . .__ . 2 — a — d / 

P a f E H 2 ( N ) solves (|3.1|) . Further, P a is (up to a constant) an isometry H 2 (TV) —>■ 
H ~ 2 ~ (N) and has the integral representation 

Paf {n) = Cn : a [_ K_^ v (n,n') f {n') dn'. 

Jn' 

This proves parts of Theorems El [Dj leaving open the following: 

• Uniqueness of the solutions (see Sections 15.21 and 16.21) . 

• Computation of the constant c n ^ a (see Sections 14. 1.1 1 and 14. 2.1 1) . 

• Computation of the constant in the isometry identities (see Sections 15.31 and E3D, 

• L p -L q boundedness (see Sections IQ and E3D- 
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4. Solutions for explicit boundary values 
In this section we explicitly calculate the Poisson transforms for certain boundary values. 

4.1. The real case. 


a-\-n — 2 


4.1.1. K r -invariant boundary values. Let f(y) = (1 + \y\) 2 , the iT'-invariant vector in 

the representation (r v , J v ) for v = 


< 2—1 
2 * 


± — u 

Lemma 4.1. We have f G H 2 


pn—1\ 


a-\-n — 2 n — 1 


Paf(x) = 


r(n=i 
r(n- 1) 


'Cn.a ' 2-^1 


and for x € 


a + n — 2 a + n n 


-; 1 - 


4x 2 


(l + |x| 2 ) 2 


/ I I O x 4 —Cl- 

(1 + \x\ 2 ) 2 


Proof. The function / € H 


pn— 1 \ 


is A'hinvariant under t u for v = . Since P a in- 

R Tl ) of / has to be 


tertwines t u and 7 T m for fi = the Poisson transform P a f € H 2 
AT'-invariant under 7 m. Now, the stereographic projection induces an isomorphism 


V : C °°(S n ) -A Vu(x) = (1 + |x| 2 )-^u - 


2xi 


2x. 


+ |x| 2 ’''' ’ 1 + 

under which the action nff of K = 0(1) x 0{n + 1) on Iff corresponds to the action of K 
on C°°(S n ) induced from the natural action of K on S n . Therefore, the function V~ l P a f on 
S n which is invariant under K' = 0(1) x O(n) x 0(1) only depends on the last coordinate, 
and hence 

Pa fix) = (1 + \x\ 2 )^~F I 

\ 1 + |xp 

for some function F on [—1,1], Putting x' = 0 in the integral representation (13.51) we find 

|1 —a 


Pafi 0,®n) = Cn,a f (1 + MV 2 " dy 

J R"- 1 ( y 2 + xd) 2 


n— 1 

27T 2 


‘- 1 (H 2 + 4)— 

/*oo 

, i „ / , , , o o, a — n , o, 2—a — n „ o 

I 1 (1 + |x n | 2 r 2 ) 2 (1+r 2 ) 2 r 2 dr 

Jo 


~Cn..a.\%r 


r(- 

7r 2 .6(2=1, Hzii) ^ ^a + n — 2 n—1 i i 2 

2 


W) 


Cn.a ' 2-^1 


n — 1; 1 — x( 


r(V) 
r(n-l) ' 


^ ( a + n — 2 a + n n (1 — x n 

2Fl { 4 ’ 2 ; \ lT^ 2 


2 \ 2 


1 + x; 


2 — a — n 
2 \ -2- 


where we have used the integral formula [8l formula 3.259 (3)] and the transformation formula 
0 formula 9.134 (1)]. This implies 


a-\-n —2 n — 1 


, s 2 — 5 —r(V) 

F(2) - r(n- 1) 


Cn,a ' 2 ^1 


a + n — 2 a + n n 


4 ’2’ 


1 - zT 


and the proof is complete. 


□ 
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We can now compute the constant c n a by putting x n = 0 in the above formula for P a f(x). 
By m Theorem 2.2.2] and the duplication formula for the gamma function we have 

Paf(V, 0) = ' f(y)- 


Since P a /| R n-i = / we must have 


Cn,a — 


T(2f2) 

r(V) 

re —1 , i , 

vr—T(i^] 


Remark 4.2. For a = 0 the differential operator A a = |x n | 2 A is the Laplacian times \x r 
In this case the function P a f simplifies to 

* \x + e n \ 2 ~ n for x n > 0, 


P a f(x) = 

which follows from the identity 

1 


\x — e n \ 2 n for x n < 0, 


2 F\ ( a, a + -]2a\z ) = 


->2a-l 


(x/r^+i) 1 


-2a 


yjl — Z 

Note that up to translation P a f agrees on the upper half-space {x n > 0} and the lower half¬ 
space {x n < 0} with the fundamental solution for the Laplacian. At the boundary {x n = 0} 
the function P a f is continuous, but not differentiable: 

singsupp (Paf) = {(x',0) : x' € M n_1 }. 

4.1.2. Constant boundary values. Let l R fc denote the constant function with value 1 on M. k . 
Lemma 4.3. Let n > 2. For a < 1 we have 

= 1r"- 

Proof. We compute 


-BalR ™ -1 (x ) — C n 


t - 

J R "- 1 (\x' 


X, 


11 —a 


— Cn.a \^7 


i\x'- y\ 2 + x 2 n ) 2 

1 1-0 / (M 2 + 4) 

Jw 1 - 1 


— dy 


a — n 

2 dy 


rp + ^r^dr. 


~2~J JO 

By the integral formula 0 formula 3.251 (2)] we have 


f 


1, 


(r 2 + x 2 ) 2 r n 2 dr =-\x. 


\a— 1 


B 


n — 1 1 — a 


and the claimed identity follows. 


□ 
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4.2. The complex case. 

4.2.1. K'-invariant boundary values. Let f(z',t r ) = ((1 + \z '\ 2 ) 2 + t' 2 ) ^ 
Lemma 4.4. We have f £ H~^{H 2n ~ 1 ) and 


a+ 2 n _ 1 -< . 

„ , 2—7r n -2r n-i) 

P a f( x ) - r(2n — 1) Cn ’ a ' 2Fl 


a + 2n a + 2ra 


;n; 1 - 


4|^n| 2 

(l + |z| 2 ) 2 + f 2 


a-\-2n 


4 ’ 4 

x ((l + |z| 2 ) 2 + t 2 )-^. 

Proof. Similar to the proof in the real case, using the stereographic projection for the Heisen¬ 
berg group 

H 2n+1 n2n+l c m+1 ( z t) f ^ ~ ~ %t 2Zl 2Zn ] 

~ ’ [,) \(l + \z\ 2 )+it , (l + \z\ 2 )+it , '" , {l + \z\ 2 ) + itj 

we find that the function u = P a f € H^~ (H 2n+1 ) which is invariant under the action 7 t m of 
K' = 17(1) x U(n) x 17(1) has to be of the form 

= ((1 + MV + <*)-*?F ( (1+ ^ + i2 ) 


41 |2 

for some function F on [—1,1], Put w = ( 1 _ l _|z|i) 2 +f a • For (z,t) = (0, z n ,0) with \z n \ = 1 
have w = 1 and hence 

, . a+ 2 n , . 

u(z,t) = 2 2 F(l). 

On the other hand, using the integral expression (13.51) we find 


we 


Paf (0, Z n , 0) 


1 (( l + \z'\ 2 ) 2 + t' 2 )- a - ± ^d(z\t' 


Cn,a j H 2 n-l \(z',-z n ,t')\ 

roo roo 

= 2vol (S 2n ~ 3 )c n , a / ((1 + r 2 ) 2 + s 2 ) 

Jo Jo 


-n Jn-3 


dr ds 


f ( l + r 2 ) 1 - 2 ^ 2 "- 3 

r(n-l) 7 0 


dr 


7r n 1 H(|, n — \)B(n — 1, n) 


^n,ai 


r(n- 1) 

where we have used the integral formula [SJ equation 3.251 (11)] twice. This implies 


a+2n _ 1 i . 

2 — 7T n -2r(n- i) 

F(l) = -—-- 2i c 


'7i, a • 


r(2n - 1) 

Now, by Corollary 13.31 we know that C a u = 0. An elementary calculation shows that 

C a u(z,t) = ^l+\z\ 2 ) 2 +t 2 )~^ ■w^w{l-w)F , '{w)+(^- a+2 ^ +2 w)F , {w)-(^^) 2 F(w)y 

The differential equation for F is of hypergeometric type. At the regular singularity w = 1 
it has exponents 0 and 1 — n £ — N and hence there exist two linear indepentent solutions F\ 
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and F 2 with asymptotic behaviour F\ (w) ~ 1 and F-iiw) ~ (1 — w ) 1 n as w —>• 1. Since F(w) 
is regular at w = 1 we must have 

, , 2^r 1 n n - 1 2T(n- ±) , 

F(w) = -—-—- —c n>a ■ Fi(w) 


T(2n — 1) 


a-\-2n 


2—Tr n -2T(n- ±) 


T(2n — 1) 


Cn.a ' 2-^1 


a + 2n a + 2n 
-i-’-i- 


which shows the claim. 


□ 


We can now compute the constant c n a by putting z n = 0 in the above formula for P a f(z, t). 
By m Theorem 2.2.2] and the duplication formula for the gamma function we have 

2^+4^ 

Paf{z , 0, t ) = T^f2n-a\2 ° n ’ a ' /( Z ’^ )■ 


r(- 


Since (P a f)\ H 2 n-i = f we must have 


2 ‘" 2 “ ^ r(g^) 2 
vr"r(-f) 


Cn n, — 


4.2.2. Constant boundary values. Let 1^2/c+i denote the constant function with value 1 on 
the Heisenberg group iL 2fc+1 . 

Lemma 4.5. Let n >2. For a < 0 we have 

P a \ff2n — 1 = \fj2n + l. 


Proof. We have 


P a l H 2 n-l(z,t) - | Qj */)|2n-a 




— Cr;. a -2?) 


“ [ [ \{z',z n ,t')\ a - 2n dt'dz' 

Jc"- 1 Jr 

(\z'\ 2 + l^l 2 ) 2 ^ cfe 7 ) ( / (1 + t' 2 )^ dt' 


4c n , a 7T 


2 n— 1 
n—1 / /*oo 


r(n-i) VA (1 + P+ •’>**■*)■ 

Evaluating the two integrals using [8] formula 3.251 (2)] shows the claim. 


□ 


5. Computations in the real case 

5.1. The Casimir operator. An explicit basis of the Lie algebra g = o(l, n + 1) is given by 
the generator H of a and the elements 

Mjk := Ej + 2 t k +2 — Fk+ 2 ,j+ 2 , 1 < j < k < n, 

Xj := Ej + 2 t i — Ej + 2,2 + P \,]+2 + E- 2 ^+ 2 -, 1 < j < n, 

Xj := Ej+ 2,1 + Ej + 2^2 + E\ j _|_2 — E 2 J+ 2 , 1 < j < n. 

Here Mjk span m, Xj span n and Xj span h. 
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The action of the generators MAN and wq of G on is then given by 

^(n x >)f(x) = f( x - x> ), € N, 

7f~(diag(A, A ,m))f(x) = /(Am _1 z), A G 0(1), m € O(n), 

tt ™{e sH )f(x) = e^ +p >f(e s x), e sH € A, 

CM/(x) = |*|- 2 ^ ) /(-j^V 

This immediately gives the action of the differential representation on m, a and h: 

in~(M jk )= Xj A--x t A-, i^(H)=E + p + p, = 

wher eE = J2k=i x k^ denotes the Euler operator on M n . Thanks to the relation Ad(u;o)-Xj = 
—Xj we have 

dn™(Xj) = -ir^(w 0 )dir^ > (X j )‘ir^(w 0 ), 
which is easily shown to be equal to 

dn^(Xj) = + 2 Xj(E + p + p). 

Now the Casimir element C = C\ can be expressed using the above constructed basis of g: 

n— 1 

C = H 2 -(n-l)H- Y1 M % + Y. X ^r 

l<j<k<n—l j =1 

An elementary calculation using the previously derived formulas for the differential represen¬ 
tation shows that 

d^iC) = x 2 A + 2 (fj, + l)x n -^~ + (/j, + p)(n — p + 1), (5.1) 

where A = Ylk =i JN 1 denotes the Laplacian on R n . 

5.2. Uniqueness. For the proof of uniqueness of solutions to the Dirichlet problem and for 
the isometry property of the Poisson transform P a we use Euclidean Fourier analysis (see 
Section 12.3.11 for the notation). Consider the Euclidean Fourier transform 

X R n : H^(R n ) -a L 2 (R n , |f| 2 ~ a d£), u^u. 


Then we have 


A X£) = f <%J£| - adzJ n )u(£) = (|f| d in - (a - 4)£ n % n + (2 - a)Ju(f) 


and 


Let ^ = ||tj and define 


_ 1 ^ 

’ U lR n_1 (C ) = rr — / U {£ l£n)d£r 1 

V J —oo 

v(£',z) := u(Z', I g\z). 


(5.2) 


Then 


A a u(€) ='D a ,zv(g, z) and m|m"-i(0 = 


y/2V J- 


/ OO 

v(£',z) dz, 

-OO 
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where T> a ,z is the ordinary differential operator 

d -= (i+ -~ 2 4-<“- 4 >4-<“- 2) - 

Now let u € H~2~(M. n ) be a solution of the Dirichlet problem (11.11) with boundary value 


/ G H~ 
satisfies 


pn—1' 


. Then the corresponding function v G L 2 (M n , |£| 2 a d^) defined in (|5.2|) 


D a ,zv{C, z) = 0 and 
for almost every £ € M n—1 . This implies 






where <j>(z) satisfies 


T> n yd) = 0 and 


/ OO 

-OO 


dz = 1. 


The equation T> a ^d> = 0 has a fundamental system of solutions spanned by 

M z ) = 2-Fi Q, yy; -z 2 ^) = (1 + 2 2 )^, 

<Mz) = 2 • 2-Pl fl, 3 3 ‘ " 2 


2 ’ 2 ’ 


—z 


We note that the property u € L 2 (M n , |£| 2_a d£) is equivalent to / G L 2 (M”, |^ , | 1_a dC / ) and 
d> € L 2 (M, (1 + z 2 ) - ^ - dz). By the asymptotics of the hypergeometric function (see e.g. [H 
Theorem 2.3.2]) cfe is not contained in L 2 (M, (1 + z 2 )^~dz) and hence 


»(e', $ = ^^if'r'/g'Ki +z 2 )^, 

where we used the following integral formula (see e.g. [8J, equation 3.251 (2)]): 

r z, , , 

J_j^ dz= -^r- 

This determines v and hence u uniquely, proving uniqueness of solutions of (11.11) . 


(5.3) 


L — 0 

5.3. Isometry. Let J € H 2 
(15.31) we find 


r») - - 


n *) and u = P a f G H 2 (R n ) then, using (12.61) . (15.21) and 

|n(0| 2 |ei 2 ~ a dt 


[ r \?\-\v(t;',z)\ 2 (\a 2 + W\ 2 z 2 ) 2 -^dzd? 

Jr ™- 1 J -00 


2T( 


2—a\2 


T(V) 2 


(Tii+z^dz) [ i/(eoi 2 ie'i i - a ^ 

V -00 / il"- 1 


2 yFT(V) 

T(l^a) »■' 
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In view of the duplication formula for the Gamma function this shows m- 


5.4. L p -L q boundedness. We now show Theorem [B] (2). Parts of the proof can also be 
found in [2- We include a full proof for completeness. 

Proposition 5.1. For any 1 < p < oo and q = ^ffjP the Poisson transform P a is a bounded 
operator 

P a : L p (R n_1 ) -A L q (R n ). 

More precisely, 

\\Paf\\ q < (2c^ r )«||/|| p , for all f € L p (R n_1 ). 

Proof. By the Marcinkiewicz Interpolation Theorem it suffices to show that P a is a bounded 
operator 

n 

L °o( R n- 1 ) T°o(M. n ) and L 1 (M n_1 ) -A Lfp 1 (R n ), 

where L£,(R n ) stands for the weak type L r -space. First observe that P a l^n-i = Ir™ by 
Lemma 14.31 and that the integral kernel of P a is a positive function. Thus we have 

P a : L°° (R n_1 ) -A L°°(R n ), 11 P a /11 oo < \\f\U 


We now prove the weak type inequality 

n 

P a : L 1 (R n_1 ) -A- Lw 
First note that 


), \\P a f\\^ J , w <(2 n - 1 C n!a ^\\f\\ 1 . 


if(z,t)\<C n , a [ — ^- — ^=z\f(y)\dy < Cn, a \x. 

Jr™- 1 (\x' — y\ z + xf) 2 


I l—n 


1 - 


Hence \P a f(z,t)\ > A implies \x n \ < ( w ' a ^ J 111 ) »-i. Denote by m the Lebesgue measure on 
R n . Let b = ( SuMl ) n~r ; then Chebyshev’s Inequality yields 

m({x € R n : \P a f(x)\ > A}) = m({x € R n : \x n \ < b , \P a f(x)\ > A}) 


< 


u 


iCM", |a; n |<6 


\P a f(x)\dx 


< -W / l/(v)l 


11 —a 


lyeM. n 


'x€R n , \x n \<b (\x' — y\ 2 + X%) 2 


— dxdy 


t [ \f(v)\ 

A J R "- 1 


- j\\J 111 


J \x n \<b 
dx v = 2c ; 


P a l(y,x n )dx n dy 


\x n \<b 


1 

n — 1 

n — ^n.a 


A 


where we have used P a l = 1 in the fifth step. Hence 

||P a /||^ T ^<(2"- 1 c n , a )^||/|| 1 


and the claim follows. 


□ 
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6. Computations in the the complex case 


M 0 

Mj 

Yi 

T 

Yi 


operator. An explicit basis of the Lie algebra g = u(l, n + 1 ) is given by 

a and the elements 


*(£i,i + £2,2), 


iEjj , 

1 < J < n, 

£j+2,fc+2 ~ £fc+2,j+2, 

1 < j < k < n, 

i{Ej+ 2 ,k +2 + £*,+2,7+2), 

1 < j < k < n, 

Ej+ 2,1 — Ej + 2,2 + £1,7+2 + £2,7+2, 

1 <j<n, 

i(Ej+ 2,1 ~ £7+2,2 - £1,7+2 - £2,7+2), 

1 <j<n, 

— 3*(£i,i — Ei' 2 + £2,1 — £2,2); 


£,•+2,1 + £7+2,2 + £l,i+2 — £2,7+2, 

1 <j<n, 

*(£7+2,1 + £7+2,2 — £l,7+2 + £2,7+2), 

1 <j<n, 


— — 3*(£l,l + £l,2 — £ 2 ,1 — E‘2‘2)- 

The action of the generators MAN and wq of G on IT 1 is then given by 


^( n z',t')f(z,t) = • ( z,t )), 

7r“(diag(A,A ,m))f(z,t) = /(Am _1 z,t), 

<(e sH )f(z,t) = e^ s f(e s z,e 2s t), 


n-z',t' £ X, 

A € U(l),m € £(n), 


€ A, 


<°(^o)/(M) = 1(2, t)| 


-2(M+p) j ( _ 


\zr + it 


+ t 2 


This immediately gives the action of the differential representation on m, a and n: 


dvr-(Mo) 





d 


d_ 

3 dy 




a 




a 

dx 3 


+ Vj 


d 


d 


iik- 


ay/c ay. 






a 

'<9y fc 


Vk 


a 

a*j 


= s ++ 2< ^ + ( " +p) 

j=i j j 

d '“(u = -l 
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Thanks to the relations Ad(wo)Xj = —Xj, Ad(u;o)Uj = —Yj and Ad(teo)T = T we have 

d^( x j) = -TT^{w 0 )dTT^X j )-K fl (w 0 ), 
dn™(Yj) = -TT^(w 0 )dTT^(Y j )TT lJi (wo), 
dn™{T) = TT^(w 0 )dTT^(T)TT ll (w 0 ), 

which, after an easy though longish calculation, turn out to be equal to 

^ d d 

dn™{Xj) = ‘ 2 J2 ((xjXk - yjyk)-^ + ( x jVk + yj x k )^) 

( |2|2 ^“ - *w) + 2{tx ‘ - |2|2 » ) l + 2( " + "Y, 

d 


k =1 


d ^(Yj) = 2 J2 {i x jyk + yjxk)-^ - (xjx k - yjyk)-^ 


k =1 


i d . . 

- (t— + \z\ 

OXj 


k 

d 

°yj 

d 


\ d 

J + 2(|^| 2 Xj + tyj)— + 2{p + p)yj, 


dn™{T) = - ^2 {i tx k - \ z \ 2yk> ~i^r + (kl 2 Xk + tVk)-^-) 


k =i 


dyk- 


d 


+ (M - (y + p^- 

Now the Casimir elements C\ and C *2 can be expressed using the above constructed basis 
of 0 : 

n— 1 

Ci=H 2 - 2 nH - ]T ((M«) 2 + (M®) 2 ) - 2 £ AT 2 

l<j<k<n—l j =1 

n—1 

- M 2 + ^ (X,X,- + YjYj) ~ 4 TT, 

3 = 1 

C 2 = - 2M 2 . 

An elementary calculation using the previously derived formulas for the differential represen¬ 
tation shows that C = C\ — C 2 acts by 


d 


d 


d'R^iC) — \z n \ C + 2(p + 1 ) ( —b |/ n — ) + (p -\- p)(p — p -\- 2 ), 


where 


i=i 


d2 + 2y ^¥t 


d 


+ 


dy r , 

_d_ 

d Vj 


— 2x, 


d_ 

dt 


( 6 . 1 ) 


( 6 . 2 ) 


denotes the left-invariant CR-Laplacian on the Heisenberg group N. 


6.2. Uniqueness. For the proof of uniqueness of z n -radial solutions to the Dirichlet problem 
and for the isometry property of the Poisson transform P a we use Fourier analysis on the 
Heisenberg group H 2n+1 (see Section [2.3.21 for the notation). 








ON BOUNDARY VALUE PROBLEMS FOR SOME DIFFERENTIAL OPERATORS 


23 


For fi £ M x consider the representations a^ on the Fock space 

F, := j£ £ 0(C n ) : U\\l = J \£,(w)\ 2 e~^ w \ 2 dw < 00 } . 

Splitting variables w = (w', w n ) with w’ = (uq,..., w n -i) £ C n_1 and w n £ C the Fock space 
F^ can be written as the Hilbert space tensor product F^ <S> F" where F^ and F” are the 
corresponding Fock spaces on and C, respectively. Elementary tensors are functions of 

the form £(w')r](w n ) with £ £ F'^ and rj £ F”. We further let V' resp. V" be the space of 
polynomials on C n_1 resp. C and V' k resp. V" its subspace of homogeneous polynomials of 
degree k. 

Now let u £ H^~ (H 2n+1 ) be a solution of the Dirichlet problem 

C a U = 0 , u\]-[ 2 n-l = 0 . 

Write (z,t) = ( z ', z n , t ) with z' = (z\,... ,z n - 1 ) £ C”" 1 and assume that u is z n -radial, i.e. 

^m(z jC Z n ,t) — ^m(z 

In this case it is easy to see that <r M (u) maps F'^ <S> V” into F'( L <g> V". Fixing /a £ M x we can 
therefore write 

°>( u )l V' k ®V'f = T n,k,i ® id-p// 

with operators T )l k j : V' k —> F( r For convenience we also put := 0. 

We first study how the differential equation C a u = 0 is expressed in terms of 

Lemma 6.1. If C a u = 0 then for all /i € M x and k, I £ N we have 


[I + 1)(2(2 k + 2£ + n + 2) — a)T /jk ^- k i — (2(2£ + 1)(2A; + 21 + n) + a)T^ k £ 

+ £(2(2 k + 2£ + n-2) + a)T tl>k ,e-i = 0. (6.3) 

Proof. We have 

a^(Cu) = -4|/r|cr /i (u) o (2 E + n), 

where E = Y2^=i w j^j~ is the Euler operator acting on Vf~ by the scalar k. We further 
calculate 


1 


2|a*| 


d 


d 


v»(\znlu) = —7 a^(u) + C7^(u)w n — -h W n — — a^u) - W n (T^(u) 


d d 


dw„ dw r , 


and 


This gives 


d 


d 


'' Xn fa~ + Vn d^T ’ u ' = WnG,l{ ' u) 


d d 


dw n dw n 11 


dw n dw n 11 


a^vfwn - aJu). 


on(u)w r 


( d d 

a fi (u)(2E + n) + a k ,(u)(2E + n)w n -^~ + w n -^-a ll (u)(2E + n) 

d d \ 

- w n a fl (u)(2E + n)-Q^~ ~ ^-cr M (u)(2E + n)w n 1 


+ a (^,(u)F- - F^( u)Wn - a„(u) 
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Using w n g^\ v n = t and = (k + 1) we find 


an{C a u)\'p^-p^ — ^(K + 1)(2(2 k + 2£ + n + 2) — 

— (2(2£ + 1)(2 k + 2£ + n) + a)T^ } k/ 

+ £(2(2k -f- 21 —(— 77 . — 2) + ra)T^ j, ® id-p// 

which implies the claim. □ 

Next we study what the boundary condition u\^ 2 n-i = 0 implies for the operators T^g. 
Lemma 6.2. Ifu\jj 2 n-i = 0 then for all y £ R x and k £ N ice have 

OO 

y! = 0. 

1=0 

Proof. In ca Lemma 4.4] we showed that the boundary value map H s (H 2n+1 ) —>• 1 (// 2n 

is in the Fourier transformed picture given by 

CuOl H 2 —0 = — ptr(cr At (u)), 

^ 7r 

where ptr(cr At (u)) is the partial trace of the operator on F^ with respect to the second factor 
in the decomposition F fl = F 1 ^ ® F", i.e. 

OO 

ptr(cr A1 (u))|p/ = ^2 Tn,k,e- 
1=0 

Hence u\^ 2 n-i = 0 implies that for every k £ N we have 


0 = ptr(o- A1 (u))|p. =5^7) 




□ 


1=0 


Now, since a < 2n+4 the coefficient of T^k,t +1 in (16-31) never vanishes and is uniquely 
determined by T^^,o by the formula 

(k + f+ f)r 


T^,k,i — 


Using (16.41) this yields 

OO / OO 

Y t m,M = ( 


(A: + §-| + l)i 
(k + % + i) £ 


L fi,k,0- 


(6.4) 


(fc + f-f + l)i 


a — 2n — 4k 
0 2^ 0) 


£=0 \£=0 v ' 2 4 
where we have used the following identity which holds for Re(y — x) > 1: 

V' ( x )m , T(y)T(y-x-l) y- 1 

2_, TUT - = 2-Ui( 1 ,x;y; i) = - 


m=0 ^ m 


T(y-x)T(y-l) y-x-Y 


(6.5) 


Now u | jj 2 n —i = 0 implies by Lemma 16.21 and the previous calculation that T^.o = 0 for all 
y £ M x and k £ N (note that —2 n < a < 0 and thus the coefficient (a — 2n — 4 k) is non-zero). 
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In view of formula (16.411 this yields Tn ^j = 0 for all £ N and hence cr^(u) = 0 for all 
p E K x . Therefore u = 0 by the Fourier inversion formula which shows uniqueness. 

6.3. Isometry. Let / E (iJ 2n_1 ) and let T^.k = a^{f)\-p k . In the last section we have 
seen that u = P a f is given by 

a u( u )\v k ®r'/ = ® idp" 

with 

rp _ (fc + f + f)^ _ (k + § + f )i _ a _7T^ 

(A: + § - | + l) e M ’° “ (fc + § - f + 1) € a - 2n - 4k \p\ 

This means that for mENwe have 


|^m 0 C r /i('U-)|lnS(^) — E llpLfc.m-fcllHSPT) 

k=0 

Using (12.711 we calculate 


7r 2 a 2 


|/x| 2 E (4/u + 2n - a) 2 (fc + § - § + l) 2 n _ fc 11 


(k + 


n a\2 
2 "T” 4 >m—k 


\U\\ 2—a = 
2 


2 n- 

V 

7T n 

-1 

2 n- 

1 a 2 

TT n 

-l 

2 n ~ 

4 a 2 

TT n 

-l 

2 n (- 

-a) 

7r n 

-i 


fc=0 v .' K " 1 2 4 


' \ ^ \ ^ 2 x 4Jm-k / \\rp M 2 I .. |n+s -2 , 7 ,, 

1 £- n ^ (f + |)m(4fc + 2n - a)^ + f - f + l)l_ k L ** 

f \\Tp, k \\m^M n+s 2 dp 

J M. 


E 


(i + §-!Ufc + i + |)^_ fc 


(4fe + 2n - a) 2 (f + f ) m (fc + f - f + l)l_ 


k=0 v y m=k ^2 4 

00 


(L + f-Dfc v (fc + g + g) 

. Or, _ , a\ Z_^ /L _ 


2 4 1 ^ tm—k 

2 1 4' m 


^,fcllHS(.F')H n+S 


fc =0 

00 


m=0 


2 n (-a) ^ (fc +§-|)(l + §-|) 


/m 


’• 1 2 4/v- 1 2 4/ K I II rp 112 | | n+S-2 1 

(4fc + 2n-a) 2 (f + f) fc 


2 n 4 a 


k =0 v " ' " v2 4 

00 / n a 


7T 


n _ a \ r- 

T7a FT E £ I «). / ll r /.,fcllHS(^)l^l n+a 

U “ 2 I ^ I 2 + 4 J A Jr 


na 


a — 2n " " 2 

where we have used (x) m + n = (x) m (x + m) n in the third step and (16.511 in the fourth step. 


6.4. L p -L q boundedness. We now show Theorem [Dl (3). 

Proposition 6.3. For any 1 < p < oo and q = ^-fp-p the Poisson transform P a is a bounded 
operator 

P a : L p (H 2n ~ 1 ) -a L q (H 2n+1 ). 

More precisely, 

\\P a f\\q < (tt Cn, a ) ® ||/||p, /or all f E L^iL 2 "" 1 ). 

Proof. By the Marcinkiewicz Interpolation Theorem it suffices to show that P a is a bounded 
operator 

n-\-1 

L °°{H 2n ~ 1 ) —»• L°o(iL 2n+ i) and L 1 (iJ 2ri - 1 ) ^ (iJ 2ri+1 ), 
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where L^(i/ 2 " +1 ) stands for the weak type L r -space. First observe that P a lfj 2 n-i = l# 2 n+i 
by Lemma 14.51 and that the integral kernel of P a is a positive function. Thus we have 

P a : L°°(iL 2n_1 ) -A L°°(H 2n+l ), \\P a f\\oo < ||/||oo- 

We now prove the weak type inequality 

n-\-1 i 

P a : L l (H 2n ~ l ) -A L w n (H 2n+1 ), \\P a f\\n±l w < ^ n c n , a )^\\f\\i. 

n 5 

First note that 

\Paf(z,t)\<C n , a r |Zn|_a ^ 


I Jj2n — 1 




Hence |P a /(z,t)| > A implies |z n | < ( gzLsMlk ) 2n _ Denote by m the Lebesgue measure on 
H 2n+1 . Let b = ( c ”’ a jj^ll 1 ) 2^4 then Chebyshev’s Inequality yields 

m({(z,t) € H 2n+1 : \P a f(z,t)\ > A}) = m({(z,t) <E H 2n+l : \z n \ < b, \P a f(z,t)\ > A}) 

1 f 


< 


A 


\z,t)&H 2n + 1 ,\z n \<b 


\Paf(z,t)\d(z,t) 


< 




■ / j.\ _1 / / n ,/N|9 n-a d ( Z i *) d ( Z '^') 

VT)6H 2 — 1 J(z,t)eH 2u + 1 ,\z n \ < b I0M) ^(^Od'lr" 

Y / |/(z',Ol / PaHz',z n ,t')dz n d(z',t') 

A Iff2"- 1 J|z„|<6 


hn|< 

1 " ""l f dz n = TTCn a 


A 


'|z n |<6 


A 


re+1 


where we have used P a l = 1 in the fifth step. Hence 

||-Po/||«±l it£ , < (7r ri c niQ )^+i||/||i 

and the claim follows. 


□ 


Appendix A. The full spectral decomposition in the real case 

We describe the complete spectral decomposition of the operator A a on H^~(M. n ) for 
2 — n < a < 2. 

A.l. Inversion and Plancherel formula. Recall the classical Gegenbauer polynomials 

C%(z) given by 

I - I 

y (~l) k (\)n-k(2zr- 2k 
f^ o k\(n — 2k)\ 

We inflate the Gegenbauer polynomials to two-variable polynomials C%(x,y) by setting 
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For 2 — n < a < 2 and 0 < j < Ky we put 


D a,Av) ■■= yCj 2 ( - A*/, T^r ) u(y, 0 ), 


d_ 

dx r 


Pa,jf(x ) := ^ 


r(V-j) 


I ry> I 1 & 2 j 


j\ 7 T 2 — j) JR 71 - 1 (\x f — ?/| 2 + xfy 2 3 


-f{y)dy. 


Further, for n € R and e € Z/2Z let 

D a ,u,eu(y) ■■= f — 
JR" fix' 

Pr 


sgn(x n ) £ \x n \ a 2 +w 

-—t— -u(x) dx, 

(|x'-y| 2 + x 2 ) 2 +lu 


D a,u,J(x) := f 

JR"" 1 f x' 


sgn(x n ) £ |x ri | 2 w 


It is easy to see that the operators P a j and P a ,v,e produce eigenfunctions of A a : 
A a (P a)j /)=j(j + a-l)(P aj /), 

A a {Pa,v,ef) = ~ (pp + w) (pp “ iu ) ( P a,v,ef)- 
Theorem A.l. For 2 — n < a < 2 we have 


1 . r 00 

u[x) = ^ ' P a jD a ju(x) + ^ ^ I Pa,i/,eDa,v,e'U'{x') 

j€[0,±ft)r\Z ^ £ =°. 1 ° 


r(^i + zu) 


F(U') 


du 


and 


n . 2 —a 


W 2^Ar(2-a-j) 

Z_ l-o _ .■ITViz” ;12 11 


j £ |0,l ? )n Z J ' !( -5 2 - i)r( -?- i) 


+ 2%^ L \\ D °-,v,e u \\h(R”-i) 


e=0,l ' 


r ( 3-a+2e+2i./ ) r (n=l + ^ 


r( 


1 — f -< 3-—|—2 s - 1 - 


)r(iu) 


dv. 


The proof of this theorem is outlined in the next subsection. 
Corollary A.2. Let j € N and 2 — n < a < 1 — 2j. 

(1) For / € id “2 die mixed boundary value problem 

A a n = j(j + a - l)n, D a>j u = f 


(A.l) 


das a unique solution u = P a ,jf € id 2 (R n ) where P a j : id 2 i(R n x ) —>• H 2 (R n ) 
is die integral operator 


Pa,jf{x) = 


/y*3 \/yt I 1 


r(V-j) r 

- j) L-l (| x /_ 2/ |2 +a; 2 ) ^- J 


—J{y)dy. 


(2) ddie operator P a j is isometric (up to a constant), more precisely 

up , f ,|2 = 2 a+2j 7rr(2 — a — j) 2 

a ’ J Hpp( R") j!(Fz“ — j)r(h^ — j) 2 
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A.2. Reduction to an ordinary differential operator. In Section f5.21 we showed that the 
spectral decomposition of A a on (R n ) is via the Euclidean Fourier transform equivalent 
to the spectral decomposition of the self-adjoint ordinary differential operator 

= (1 + - (a - 4)z—- (a - 2) on L 2 (R, (1 + z 2 )~dz). 

This decomposition is calculated explicitly in m using the Kodaira-Titchmarsh formula. 
We show how the results in [13] translate to Theorem I A. 11 
For a = a — 2 G (— n, 0) and k = 0, 1 let y = 1 + 2k and 

T(cr, k) ■= iR + U {a + y + Aj : j <E [0, ) n Z}. 

For r € T(a, k) and u € define 

' a + y + r a + y-r y £ 2 


F(?,T,k) = U(£',T,k) := |£' 


ct— r+/£ 


/ 

ft 


:Fi 


’ 2 ’ 


K'l 


£Ug,£n)dS n 


and for F G C c °°(M m x T(a, k)) let 


F(£,r,k) :=^'\-^ 2 F 1 




If'l 


Then by ca Theorem 4.1] we have the decomposition of U € F 2 (M n , |£| a d £) into eigenfunc¬ 
tions of V a+ 2 lZ - 

U(€)= V / F(£,t, k) dm ai k(j) 

fe=o,i •^ r ( cr > fc ) 

and the Plancherel formula 


fc=o,i 


where 


[ g{r) dm^kir) = X. / 5(r) 

JT(cr,k) 87r djR + 


r(g±^)r p fJ+ / +T ' 


dr 


+ 


E 


T(i)T(f) 

(-ipr(-^)r(2±M +j)r(f + j) 


j!T(f )2T(-2±H - 2j)T(^ + 2j) 


—g(a + n + 4:j). 


je [o-z±B) n z 

By the calculations in m Section 5] we obtain for r G j 


i cr + T ~A t 


F R n-iU(y,T,k) = 
and for r = cr + /r + 4j: 


2 WT(f)r(^) r _ 

tt^T( 2±e±r)r(£±fin) 7 R n (| x _ x /p + x 2)^jf 


r-|-n- 


—FrkFXx) dx 


t- rW l £ * J ! V2tT 

F R n-i U{y,r,k) = 1 _ a _ 2 j r -— 

(— 2 —^)d(— 1 — cr — 2 j)a 


and 


FsinF(x,T, k) = 


2^r fc r(f)r(^) 


7 r_r(/ £ ^|+T)r(/ 


/ 


Q~ + l 
7° 2 
°2 j+k 


*JC> ryi tXs 1 


A 9 

-Ax', W— 
OX r 


FRnU(y,0) 


CT + T + /X 




) J r ™- 1 (|F — y | 2 + x 2 ) 2 


—F W n-iF(y,T,k)dy. 
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Then a short calculation yields that for u € H 2 (M n ): 
u(x) = 


^ ( i),- 


je{ o,- 2 ±i) 


2 ^— r(-^-j)iW) 


/ , r n . ^ r, -- (-A*,,— )u(y,0)dy 

J R 71-1 (|x'— y| 2 + X^) 2 3 


8vr n _/r + X 


+ 

e=0,l 

and 


sgn(x n ) £ |x n | g+ 2 +1 
- 1 (lx' - y\ 2 + 


sgn ( z n ) £ \ z n \ a+ 2 1 , . 

- - -1 a(z) az ay 

(| 2 '-y|2 + 4)^- 


r(i^i±i) 


r(i) 


dr 


m 


#“■2(18") 


V 2"+ 1 7Tj!(—a-l-2j)r(-a-i) ^ _3_x ,,2 

/ . tv 1 —rr \9 11^7 1 ’ O™ 1 U II ,v_£±2z±1 


j6[0,-2±i) 


+ 


r(^) 2 


2o'+3 7r ri 


■£ 

e=0,l ’ 


|d^cr,r,e'R|| r.2ncpn-i 


r( 


dx n H 3- 
2 


—(T+T+2e+l 1 +t 


r ( fT + T + 2 £ +1 )P(Z : 


dr 


This yields Theorem IA.11 


Appendix B. Part of the discrete spectrum in the complex case 

We construct explicitly eigenfunctions of C a in H^~ (H 2n+1 ) to the eigenvalues 2k(2k + a), 
0 < 2k < — and show that they are solutions to certain mixed boundary value problems. 

B.l. Mixed boundary value problems and their Poisson transforms. Recall from 
(16.21) the left-invariant CR-Laplacian on the Heisenberg group H 2n+l and denote by C! the 
left-invariant CR-Laplacian of the subgroup H 2n ~ 1 c H 2n+l given by 


d 


d 


d 


d \ 


2xj„. I 


n —1 

£ ' = £l^ + 2w ^ + V«w , 

Further, write T for the Laplacian on the center of H 2n+1 , i.e. 

r = —. 
dt 2 

Following |I2] we inductively define a sequence (D s ,k)k of differential operators on H 2n+1 
depending on a parameter s € C by 

®s.o := 1> := 16 s 2 (2s + n) + n ~ ~ ( 2s + ] 


s,k -\-1 


16(s — k) 2 {2s + n ) 


^(2s + n — 2k — 1 )C — (2s + n)C'^jO St k 

k 2 (2s + n — 2k — 1) / „ 9 . x o_\^ 

16s2(2s T ti — 1)( 2s T n) ( £ + 16 (2* + n) T)lB> s _i.Jfe-r 


and 
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Now for —2 n < a < 2 and 0 < 2fc < -| we define a differential restriction operator 
D ak : C°°(H 2n+1 ) -A C°°(H 2n - 1 ) by 

D a ,kU(z',t') := QD> a + 2 n k u)(z',0,t'). 


In [T2 Theorem 4.1] we show that D a}k 


extends to a bounded operator 


H^(H 2n+1 ) -A 


Theorem B.l. Let fceN and —2 n < a < —Ak. 

(1) For / £ 2 ~ 2fc (iL 2n_1 ) the mixed boundary value problem 


C a u = 2k(2k + a)u, D a , k u = f (B.l) 

has a solution u £ H^~ (H 2n+1 ). More precisely, there exists a constant c n: a jk such 
that the operator P a ^ k : H~ 2 ~ 2k (^H 2n ~ 1 ) —> H^~(H 2n+1 ) given by 


Pa,kf(z,t) C nak 

Jh 


I —a—2k 


H 2 n -1 \(z,t) 1 • (Z', 0, t')| 2n a 4fc 


— 7 T f(z',t')d{z',t') 


constructs a solution u = F a ,fc/ of (IB.ID . 

(2) The operator P ak is isometric (up to a constant), i.e. there exists a constant C > 0 
such that 


I Pr 


a,fc/|| ■ 2—o 

H 2"~ 


= C\\f\\ 2 a 

(#2n+l) IU %■!' 


‘(iJ 2 ™- 1 )' 


Clearly part (1) of the theorem implies that 2k{2k+a) is an eigenvalue of C a on H ( H 2n+1 ) 
as claimed in Theorem O (1). 

We prove this theorem in the next subsection. 


B.2. Discrete components in restrictions of complementary series. Let p = and 

v = f + 2k so that = H~^~(H 2n+1 ) and J u = H~^~ 2k [H 2n ~ l ). In [12] Theorem 5.2] we 
show that the operators D a>k '■ I( —>• J u are intertwining the representations and t v of 

G' , taking the role of the trace map in Section [3.41 Just as in the case of the trace map one 
shows the following statements: 

(1) The adjoint operator D* k : J u -A If embeds ( t u ,J u ) isometrically as a subrepresen¬ 
tation of (tt^\gi, 1^) and is hence up to a constant equal to the symmetry breaking 
operator B^ v . 

(2) The operator C a acts on the image of B by the scalar 

-(0 + P) ~ (y + p'))((p + P ) + (v- p')) = 2k(2k + a). 

(3) The composition D ak o B^ u : J u J u is a scalar multiple of the identity. 

Now we are ready to prove Theorem lB.il 

Proof of Theorem \B.l[ By (1) and (3) there exists a constant c n ^ a)k such that the operator 
Pa,k '■= Cn,a,k • B has the property that D ak o P ak = id. Further, by (2) the image of 
P a)k consists of eigenfunctions of C a to the eigenvalue 2k(2k + a), and hence P a ^ k constructs 
solutions to the mixed boundary value problem (IB.ID . This shows Theorem IB. II 111. Isometry 
°f Pa,k (up t° a constant) then follows from (1). □ 
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